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In this paper, we study the stability of Gabor frames ϕmbna  mn ∈ Z. We
show that ϕmbna  mn ∈ Z remains a frame under a small perturbation of ϕm,
or n. Our results improve some results from Favier and Zalik and are applicable to
many frequently used Gabor frames. In particular, we study the case for which ϕ is
not compactly supported, and, for the particular case of the Gaussian function, we
give explicit stability bounds. © 2001 Academic Press
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1. INTRODUCTION
In this paper, we study the stability of Gabor frames. First, we introduce
some basic deﬁnitions.
A family of functions fj  j ∈ J belonging to a separable Hilbert space
 is said to be a frame if there exist positive constants A and B such that
Af2 ≤ ∑j∈J f fj	2 ≤ Bf2 for every f ∈  . The numbers A and B
are called the lower and upper frame bounds, respectively.
A frame that ceases to be a frame when any one of its elements is
removed is said to be an exact frame. It is well known that exact frames
and Riesz bases are identical (see [16]).
For any ϕ ∈ L2
R and a b > 0 let ϕmb na
x = eimbxϕ
x − na. If
ϕmb na  mn ∈ Z is a frame for L2
R, then it is called a Gabor frame.
Since Gabor [12] proposed a signal representation with windowed Fourier
transform, Gabor systems have had a fundamental impact on the develop of
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modern time-frequency analysis and have been widely used in communica-
tion theory, quantum mechanics, and many other ﬁelds. For a collection of
papers related to Gabor frames and their applications to signal and image
processing we refer to the monograph [11].
In application, the stability of frames is expected. For the frames in gen-
eral Hilbert spaces, Cazassa and Christensen [3–5] proved some stability
theorems. The following proposition is a consequence of [4, Theorem 1]:
Proposition 1.1. Let fj  j ∈ J be a frame for some Hilbert space  . If
gj  j ∈ J ⊂  is such that fj − gj  j ∈ J is a Bessel sequence with bound
M < A, then gj  j ∈ J is a frame with bounds 1 − 
M/A1/22A and
1+ 
M/B1/22B. Moreover, if fj  j ∈ J is a Riesz basis, then gj  j ∈ J
is also a Riesz basis.
For Gabor frames, the stability means that ϕmb na  mn ∈ Z is still
a frame if ϕ a, or b has some small perturbation. Favier and Zalik [10]
studied the stability of Gabor frames under some perturbation to ϕ m,
or n. But their results require that the generating function ϕ be com-
pactly supported. For a Gabor frame ϕmb na  mn ∈ Z and ψ ∈ L2
R,
Christensen [5] obtained some conditions on ϕ− ψ under which ψmbna 
mn ∈ Z constitutes a frame for L2
R. Among these conditions ϕ − ψ
is also required to be compactly supported. On the other hand, some fre-
quently used Gabor frames, e.g., Gabor frames generated by the Gaussian
function ϕ
x = π−1/4e−x2/2 are not compactly supported. So it is neces-
sary to study the stability of Gabor frames for which ϕ is not compactly
supported.
In this paper, we study the stability of Gabor frames with much weaker
conditions. In particular, ϕ need not be compactly supported. So our results
are available for many important and frequently used Gabor frames. More-
over, for Gabor frames generated by a Gaussian function, we compute the
stability bounds.
Notations. In this paper, the Fourier transform of f ∈ L2
R is deﬁned
by fˆ 
ω = ∫R f 
xe−iωxdx
ACloc is the set of all functions which are locally absolutely continuous
on R.
2. MAIN RESULTS
First, we study the effect of the perturbation to ϕ.
Let ϕmb na  mn ∈ Z be a frame for L2
R. Is there a positive num-
ber ε such that ψmbna  mn ∈ Z is a frame for L2
R whenever
ϕ− ψ2 ≤ ε? (1)
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The answer is negative. For example, take ϕ = χ0 1 a = 1, and b = 2π,
where χ0 1 is the characteristic function of 0 1. Then ϕmb na  mn ∈ Z
is an orthonormal basis for L2
R. For any 0 < ε < 1, let ψ = χε2 1. Then
ϕ − ψ = ε. But ψmbna  mn ∈ Z is not a complete set in L2
R.
Therefore it cannot be a frame.
To guaranteeψmbna  mn ∈ Z to be a frame, the condition (1) must
be strengthened. We begin with a simple lemma.
Lemma 2.1. Let Fn
x  n ∈ Z be a sequence in L2
R. Then for
any f ∈ L2
R,
∑
mn∈Z
∣∣f 
xFn
xeimbx	∣∣2≤ 2πb
∫
R
f 
x2 ∑
mn∈Z
∣∣∣∣Fn
xFn
(
x− 2πm
b
)∣∣∣∣dx
Proof. For any f ∈ L2
R, we have∑
mn∈Z
∣∣f 
x Fn
xeimbx	∣∣2
= ∑
mn∈Z
∣∣∣∣
∫
R
f 
xFn
xe−imbxdx
∣∣∣∣
2
= ∑
mn∈Z
∣∣∣∣
∫ π/b
−π/b
∑
k∈Z
f
(
x− 2πk
b
)
Fn
(
x− 2πk
b
)
e−imbxdx
∣∣∣∣
2
= ∑
n∈Z
2π
b
∫ π/b
−π/b
∣∣∣∣
∑
k∈Z
f
(
x− 2πk
b
)
Fn
(
x− 2πk
b
)∣∣∣∣
2
dx
≤ ∑
n∈Z
2π
b
∫ π/b
−π/b
∑
km∈Z
∣∣∣∣f
(
x− 2πk
b
)
f
(
x− 2πm
b
)
×Fn
(
x− 2πk
b
)
Fn
(
x− 2πm
b
)∣∣∣∣dx
= ∑
nm∈Z
2π
b
∫
R
∣∣∣∣f 
xf
(
x− 2πm
b
)
Fn
xFn
(
x− 2πm
b
)∣∣∣∣dx
≤ 2π
b
[ ∑
mn∈Z
∫
R
f 
x2
∣∣∣∣Fn
xFn
(
x− 2πm
b
)∣∣∣∣dx
]1/2
·
[ ∑
nm∈Z
∫
R
∣∣∣∣f
(
x− 2πm
b
)∣∣∣∣
2∣∣∣∣Fn
xFn
(
x− 2πm
b
)∣∣∣∣dx
]1/2
= 2π
b
∑
mn∈Z
∫
R
f 
x2
∣∣∣∣Fn
xFn
(
x− 2πm
b
)∣∣∣∣dx
where the Ho¨lder’s inequality is used. This completes the proof.
184 sun and zhou
We are now ready to present stability theorems for Gabor frames and
Riesz bases.
Theorem 2.1. Let ϕmb na  mn ∈ Z be a frame for L2
R with
bounds A and B. If one of the two conditions
(i) ϕ ∈ ACloc ϕϕ′ ∈ L1
R ϕ
x − ψ
x ≤ λϕ
x, and
M1 =
2π
b
λ2
(
ϕ′1 +
ϕ1
a
)(
ϕ′1 +
b
2π
ϕ1
)
< A
(ii) ϕˆ ∈ ACloc ϕˆ ϕˆ′ ∈ L1
R ϕˆ
ω − ψˆ
ω ≤ λϕˆ
ω, and
M2 =
λ2
a
(
ϕˆ′1 +
ϕˆ1
b
)
·
(
ϕˆ′1 +
a
2π
ϕˆ1
)
< A
is satisﬁed, then ψmbna  mn ∈ Z is a frame for L2
R with bounds
1 −√M/A2A and 1 +√M/B2B, where M = M1 for condition (i) and
M =M2 for condition (ii).
Proof. Since 
ϕmb naˆ = eimbnaϕˆ−namb and ϕmb na  mn ∈ Z is a
frame with bounds A and B if and only if 
ϕmb naˆ  mn ∈ Z is a
frame with bounds 2πA and 2πB, we need only prove this theorem for
condition (i).
Since ϕ ∈ L1
R, ∑n∈Z ϕ
x − na < +∞, a.e. on R. Suppose that∑
n∈Z ϕ
x − na is convergent for some x ∈ R. For any y ∈ 
x x + a
we have∣∣∣∣
∑
n∈Z
ϕ
y − na − ∑
n∈Z
ϕ
x− na
∣∣∣∣
(2)
≤ ∑
n∈Z
ϕ
y − na − ϕ
x− na ≤ ∑
n∈Z
∫ y
x
ϕ′
t − nadt ≤ ϕ′1
Hence
∑
n∈Z ϕ
y − na is also convergent. Therefore "
x =
∑
n∈Z ϕ
x−
na is convergent on R. Moreover, the above inequality implies that "
x
is continuous on R. Since "
x is periodic, there exists some x0 ∈ 0 a
such that "
x0 ≤ "
x for any x ∈ R. It is easy to see that "
x0 ≤
1
a
ϕ1. For any x ∈ x0 x0 + a by the second inequality in (2), we have
"
x −"
x0 ≤ ϕ′1. Hence
"
x ≤ "
x0 + ϕ′1 ≤
1
a
ϕ1 + ϕ′1 (3)
for each x ∈ x0 x0 + a. Since "
x has period a, the above inequality
holds for all x ∈ R.
A similar argument shows that
∑
m∈Z
ϕ
x− 2πm/b ≤ b
2π
ϕ1 + ϕ′1 ∀x (4)
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Let Fn
x = ϕ
x − na − ψ
x − na. Since ϕ
x − ψ
x ≤ λϕ
x, it
follows from (3) and (4) that
∑
n∈Z
Fn
x
∑
m∈Z
∣∣∣∣Fn
(
x− 2πm
b
)∣∣∣∣
≤ λ2
(
ϕ′1 +
ϕ1
a
)(
ϕ′1 +
b
2π
ϕ1
)

By Lemma 2.1, this implies
∑
mn∈Z
f ϕmb na − ψmbna	2 ≤M1f2
Hence ψmbna  mn ∈ Z is a frame for L2
R with bounds 1 −√
M1/A2A and 1+
√
M1/B2B, thanks to Proposition 1.1.
Theorem 2.2. Let ϕmb na  mn ∈ Z be a frame for L2
R with bounds
A and B Suppose that ϕ ∈ ACloc and ϕ′ ∈ L1
R. Then there exists some
δ > 0 such that for any sequence λn  n ∈ Z ⊂ R with λn − n ≤ δ ∀n,
ϕmbλna  mn ∈ Z is a frame for L2
R.
Proof. LetM be a positive number such thatM < Ab2π . Since ϕ
′ ∈ L1
R,
both
∑
n∈Z ϕ′
t − na and
∑
n∈Z ϕ′
t − 2πmb  are local integrable periodic
functions. Hence there exists some δ > 0 such that
∫ x+δa
x−δa
∑
n∈Z
ϕ′
t − nadt ≤
√
M ∀x
and ∣∣∣∣∣
∫ x−na
x−λna
∑
m∈Z
∣∣∣∣ϕ′
(
t − 2πm
b
)∣∣∣∣dt
∣∣∣∣∣ ≤
√
M ∀x n
whenever λn − n ≤ δ.
Put Fn
x = ϕ
x− na − ϕ
x− λna n ∈ Z. Then we have∑
n∈Z
Fn
x=
∑
n∈Z
ϕ
x− na − ϕ
x− λna
=∑
n∈Z
∣∣∣∣
∫ x+na−λna
x
ϕ′
t − nadt
∣∣∣∣
≤
∫ x+δa
x−δa
∑
n∈Z
ϕ′
t − nadt
≤
√
M
(5)
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and
∑
m∈Z
∣∣∣∣Fn
(
x− 2πm
b
)∣∣∣∣
= ∑
m∈Z
∣∣∣∣ϕ
(
x− na− 2πm
b
)
− ϕ
(
x− λna−
2πm
b
)∣∣∣∣
= ∑
m∈Z
∣∣∣∣
∫ x−na
x−λna
ϕ′
(
t − 2πm
b
)
dt
∣∣∣∣ ≤
∣∣∣∣
∫ x−na
x−λna
∑
m∈Z
ϕ′
(
t − 2πm
b
)
dt
∣∣∣∣
≤
√
M
(6)
By Lemma 2.1, this implies
∑
nm∈Z
f ϕmb na − ϕmbλna	2 ≤
2π
b
Mf2 ∀f ∈ L2
R
Henceϕmb na − ϕmbλna  mn ∈ Z is a Bessel sequence with bound
2π
b
M < A. By Proposition 1.1, ϕmbλna  mn ∈ Z is a frame for L2
R.
Remark 2.1. It is easy to see that if G
a = supt
∑
n∈Z ϕ′
t − na <
+∞ and G
2π/b = supt
∑
n∈Z ϕ′
t − 2πn/b < +∞, then
0 < δ <
[
Ab
4a2πG
aG
2π/b
]1/2
meets the requirement of Theorem 2.2. For this case, the lower and upper
frame bounds for ϕmbλna  mn ∈ Z are 1 − 2aδ

πG
aG
2π/b
Ab
1/22 ·A
and 1+ 2aδ
πG
aG
2π/b
Bb
1/22 · B, respectively.
Similar arguments on 
ϕmb naˆ show that
Theorem 2.3. Let ϕmb na  mn ∈ Z be a frame for L2
R. Suppose
that ϕˆ ∈ ACloc and ϕˆ′ ∈ L1
R. Then there exists some δ > 0 such that for
any sequence λm  m ∈ Z ⊂ R with λm −m ≤ δ ϕλmb na  mn ∈ Z
constitutes a frame for L2
R.
The following theorem studies the effect of perturbing ϕ and na
simultaneously.
Theorem 2.4. Let ϕmb na  mn ∈ Z be a frame for L2
R with bounds
A and B. If
(i) ϕ ∈ ACloc and ϕϕ′ ∈ L1
R or
(ii) ϕ
x is continuous and ϕ
x ≤ C
1 + x−1−ε for some ε > 0,
then there exist two positive numbers λ and δ such that ψmbλna  mn ∈ Z
is a frame for L2
R whenever ϕ
x − ψ
x ≤ λϕ
x and λn − n ≤ δ.
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Proof. Let Fn
x = ϕ
x− na − ψ
x− λna.
First, we suppose that condition (i) holds. By (3) and (5),
∑
n∈Z
Fn
x=
∑
n∈Z
ϕ
x− na − ψ
x− λna
≤∑
n∈Z

ϕ
x− na − ϕ
x− λna + ϕ
x− λna
−ψ
x− λna
≤∑
n∈Z

ϕ
x− na − ϕ
x− λna + λϕ
x− λna
≤∑
n∈Z
(
ϕ
x− na − ϕ
x− λna
+λϕ
x− na − ϕ
x− λna + λϕ
x− na
)
≤ 
1+ λ
∫ x+δa
x−δa
∑
n∈Z
ϕ′
t − nadt + λ
(
1
a
ϕ1 + ϕ′1
)

(7)
On the other hand, by (4) and (6),
∑
m∈Z
∣∣∣∣Fn
(
x− 2πm
b
)∣∣∣∣
= ∑
m∈Z
∣∣∣∣ϕ
(
x− na− 2πm
b
)
− ψ
(
x− λna−
2πm
b
)∣∣∣∣
≤ ∑
m∈Z
∣∣∣∣ϕ
(
x− na− 2πm
b
)
− ϕ
(
x− λna−
2πm
b
)∣∣∣∣
+ ∑
m∈Z
∣∣∣∣ϕ
(
x− λna−
2πm
b
)
− ψ
(
x− λna−
2πm
b
)∣∣∣∣
≤ ∑
m∈Z
∣∣∣∣ϕ
(
x− na− 2πm
b
)
− ϕ
(
x− λna−
2πm
b
)∣∣∣∣
+ ∑
m∈Z
λ
∣∣∣∣ϕ
(
x− λna−
2πm
b
)∣∣∣∣
≤
∣∣∣∣
∫ x−na
x−λna
∑
m∈Z
∣∣∣∣ϕ′
(
t − 2πm
b
)∣∣∣∣dt
∣∣∣∣+ λ
(
b
2π
ϕ1 + ϕ′1
)

(8)
It follows that supx
∑
n∈Z Fn
x
∑
m∈Z Fn
x − 2πmb  < b2πA if δ
and λ are small enough. Now the conclusion follows by Lemma 2.1
and Proposition 1.1.
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Next, we prove this theorem for condition (ii). On the one hand,
both
∑
n∈Z ϕ
x − na and
∑
n∈Z ϕ
x − 2πmb  are continuous and
so are bounded on R. On the other hand, it is easy to see that∑
n∈Z ϕ
x − na − ϕ
x − λna tends to zero if λn − n ≤ δ → 0. By (7)
and (8), we have supx
∑
n∈Z Fn
x
∑
m∈Z Fn
x − 2πmb  < b2πA if δ and λ
are small enough. This completes the proof.
Remark 2.2. If ϕmb na  mn ∈ Z is a Riesz basis for L2
R, by
Proposition 1.1, the perturbation systems in Theorems 2.1–2.4 are also
Riesz bases.
3. STABILITY OF MULTIVARIATE GABOR FRAMES
In this section, we consider the stability of the Gabor frames for L2
Rd.
First, we introduce some notations. xy = 
x1y1     xdyd and x/y =

x1/y1     xd/yd for any x y ∈ Rd. b! = b1 · · · bd for b ∈ Rd.
It is easy to see that Lemma 2.1 is valid for the multivariate case. With
this lemma, we can prove the following theorems easily.
Theorem 3.1. Let ϕmbna  mn ∈ Zd be a frame for L2
Rd with
bounds A and B. Suppose that ψ ∈ L2
Rd and satisﬁes that∑
n∈Zd
ψ
x− na − ϕ
x− na ≤ L1 a.e. on Rd
and
∑
m∈Zd
∣∣∣∣ψ
(
x− 2πm
b
)
− ϕ
(
x− 2πm
b
)∣∣∣∣ ≤ L2 a.e. on Rd
If M = 

2πd/b!L1L2 < A then ψmbna  mn ∈ Zd is a frame for
L2
Rd with bounds 1−√M/A2A and 1+√M/B2B.
Theorem 3.2. Let ϕmbna  mn ∈ Zd be a frame for L2
Rd with
bounds A and B and let λn  n ∈ Zd be a sequence in Rd. Suppose that
∑
m∈Zd
∣∣∣∣ϕ
(
x− 2πm
b
)∣∣∣∣ ≤ L1 a.e. on Rd
and ∑
n∈Zd
ϕ
x− na − ϕ
x− λna ≤ L2 a.e. on Rd
If M = 
2
2πd/b!L1L2 < A, then ϕmb λna  mn ∈ Zd is a frame for
L2
Rd with bounds 1−√M/A2A and 1+√M/B2B.
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Theorem 3.3. Let ϕmbna  mn ∈ Zd be a frame for L2
Rd with
bounds A and B and let λm  m ∈ Zd be a sequence in Rd. Suppose that
∑
n∈Zd
∣∣∣∣ϕˆ
(
ω− 2πn
a
)∣∣∣∣ ≤ L1 a.e. on Rd
and ∑
m∈Zd
ϕˆ
ω−mb − ϕˆ
ω− λmb ≤ L2 a.e. on Rd
If M = 2a!L1L2 < A, then ϕλmbna  mn ∈ Zd is a frame for L2
Rd with
bounds 1−√M/A2A and 1+√M/B2B.
4. APPLICATION
In this section we give some application of the theorems stated in
Section 2 for the Gaussian function ϕ
x = π−1/4e−x2/2.
Discrete families of windowed Fourier functions starting from a Gaussian
window have been discussed extensively in the literature since they are used
in communication theory, quantum mechanics, and many other ﬁelds. It
was shown in [1] and independently in [14] that ϕmb na  mn ∈ Z spans
L2
R if and only if ab ≤ 2π. Bacry, Grossmann, and Zak [2] proved that
if ab = 2π then
inf
f =0
f−2 ∑
mn∈Z
f ϕmb na	2 = 0
This shows that ϕmb na  mn ∈ Z does not constitute a frame for L2
R
when ab = 2π. In [8], Daubechies and Grossmann conjectured that
ϕmb na  mn ∈ Z constitutes a frame for L2
R if ab < 2π. In [7],
Daubechies proved that this is indeed the case for ab/
2π < 0996.
Finally, this conjecture was proved by Lyubarskii [13] and independently
by Seip and Wallste´n [15]. For an overview, see [6, pp. 84–86].
It is easy to see that ϕ
x meets the requirement of Theorems 2.1–2.4.
In applications, the perturbation to the sampling sequence mb or na
is more interesting. Since ϕˆ
ω = √2π1/4e−ω2/2, we only study the pertur-
bation to na We call δ0
a b a stability bound if ϕmbλna is a frame
for L2
R whenever supn λn− n < δ0
a b For simplicity, we will write δ0
instead of δ0
a b.
Since the Gaussian function is frequently used, it is useful to deter-
mine its stability bound. Seip and Wallste´n [15] proved that for any L > 0,
ϕmbλna  mn ∈ Z is a frame for L2
R provided ab < 2π and λn − n ≤
L ∀n ∈ Z. But their result does not give the estimates for the frame bounds.
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TABLE I
Stability Bound Values for ϕ
x = π−1/4e−x2/2
ab a A B δ0 ab a A B δ0
π/2 0.5 1.221 7.091 0.833 3π/2 1.0 0.027 3.545 0.098
1.0 3.854 4.147 0.983 1.5 0.342 2.422 0.242
1.5 3.899 4.101 0.700 2.0 0.582 2.089 0.257
2.0 3.322 4.679 0.475 2.5 0.554 2.123 0.227
2.5 2.365 5.664 0.318 3.0 0.393 2.340 0.159
3.0 1.427 6.772 0.187 3.5 0.224 2.656 0.106
3π/4 1.0 1.769 3.573 0.632 4.0 0.105 3.014 0.068
1.5 2.500 2.833 0.654 19π 1.5 0.031 2.921 0.082
2.0 2.210 3.124 0.474 2.0 0.082 2.074 0.103
2.5 1.577 3.766 0.318 2.5 0.092 2.021 0.086
3.0 0.951 4.515 0.187 3.0 0.081 2.077 0.073
π 1.0 0.601 3.546 0.406 3.5 0.055 2.218 0.060
1.5 1.540 2.482 0.481 4.0 0.031 2.432 0.044
2.0 1.600 2.425 0.447
2.5 1.178 2.843 0.317
3.0 0.713 3.387 0.187
By Theorem 2.2, we can give the estimates when the perturbation is small
enough.
Let Fn
x be as in Theorem 2.2 and let λn − n ≤ δ Deﬁne
G1
δ = sup
x
∑
n∈Z
max
{ ∫ x+δa
x
ϕ′
t − nadt
∫ x
x−δa
ϕ′
t − nadt
}

and
G2
δ = sup
x
∫ x+δa
x
∑
m∈Z
∣∣∣∣ϕ′
(
t − 2πm
b
)∣∣∣∣dt
It is easy to check that
sup
x
∑
n∈Z
Fn
x sup
xn
∑
m∈Z
∣∣∣∣Fn
(
x− 2πm
b
)∣∣∣∣ ≤ G1
δG2
δ
Hence ϕmbλna is a frame for L2
R whenever G1
δG2
δ < Ab2π . There-
fore, δ0 = supδ  G1
δG2
δ < Ab2π  is an estimate for the stability bound.
In Table I, A and B are the frame bounds of ϕmb na  mn ∈ Z given
by Daubechies [7], and δ0 is an estimation for the stability bound.
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